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Chapter 2  Solid Earth Simulation

By the end of Fiscal year 2004, we have devised two powerful numerical tools for parallel computation in solid Earth simu-

lations—Yin-Yang grid and ACuTE method. Based on these original ideas, we further developed our simulation models this

fiscal year and applied them to the geodynamo and mantle convection simulations. We also developed an earthquake simula-

tion model to estimate the upper mantle viscosity. 

Keywords: geodynamo, mantle convection, ACuTE method, Yin-Yang grid, multigrid method

1. Development Yin-Yang Grid Method
If you knife along a baseball's seam, you will get a couple

of patches by which the ball's spherical surface is covered in

combination. The patches or pieces are identical, i.e., they

have exactly the same size and shape. Each piece is symmet-

ric in two perpendicular directions; up-down and right-left.

We call this kind of spherical dissection with two identical

and symmetrical pieces "yin-yang dissection" of a sphere.

The seam of the baseball is an example of the yin-yang 

dissection. Inspired by the yin-yang dissection of a sphere,

we proposed a spherical grid system called "Yin-Yang grid". 

Since we described the Yin-Yang grid method in detail in

our papers [Kageyama and Sato, 2004, Kageyama et al.,

2004, Kageyama, 2005a] and in the last Report [Kageyama

et al., 2005], here we shortly summarize its merits: It is an

orthogonal system (since it is a part of the latitude [Lat-Lon]

grid); The grid spacing is quasi-uniform (since we picked up

only the low latitude region of the Lat-Lon grid); The metric

tensors are simple and analytically known (since it is defined

based on the spherical polar coordinates); Routines that

involve only individual component grid can be recycled for

two times (since Yin and Yang are identical); Routines that

involve its counterpart component can also be recycled for

two times (since Yin and Yang are complemental); And,

finally; It suits to massively parallel computers (since the

domain decomposition is straightforward). An example of

Yin-Yang grid is shown in Fig. 1. 

In this fiscal year, we found a general procedure to con-

struct yin-yang dissections of a sphere [Kageyama, 2005b].

Based on the dissection, we pointed out the relation between
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Fig. 1  Basic Yin-Yang grid. The Yin grid and Yang grid are combined

to cover a spherical surface with partial overlap.



140

Annual Report of the Earth Simulator Center  April 2005 - March 2006

the yin-yang dissections and various versions of the Yin-

Yang grids. 

Another development of the Yin-Yang grid method in this

year is the implementation of the multigrid method on the

Yin-Yang grid, which was motivated by the improvement of

the boundary condition of the magnetic field adoped in our

Yin-Yang based geodynamo simulation code [Kageyama

and Yoshida, 2005]. 

The purpose of this improvement is to incorporate the so-

called vacuum boundary condition. In this boundary condi-

tion, the magnetic field generated by the MHD dynamo in

the outer core (say, r ≤ 1) is smoothly connected to the mag-

netic field Βv of the outer region r > 1 that is assumed to be

an insulator. Therefore, Βv is written by the gradient of a

potential field in r ≥ 1. 

The boundary condition of the potential is given by the

radial component of the magnetic field on the boundary 

r = 1 which is obtained from the dynamo region (r ≤ 1).

Other components of the magnetic field on the surface are

determined by the solution of the potential equation. 

In order to solve this boundary value problem, we first

apply a coordinate transformation of r; s = 1 / r. The poten-

tial problem is now converted into other boundary value

problem defined inside a unit sphere s ≤ 1. 

To solve the boundary value problem for the potential for

s ≤ 1, we apply the multigrid method, which is practically

the optimal way to solve this kind of boundary value prob-

lem. The base grid system is the Yin-Yang grid defined in

the full spherical region including the origin. See Fig. 2. We

adopt the full approximation storage algorithm of the multi-

gird method. The Jacobi method is used as the smoother.

The V-cycle is repeated for a couple of times until we get

the convergence. The internal boundary condition of each

component grid (Yin and Yang) is set by mutual bi-cubic

interpolation at every grid level as indicated by white arrows

in Fig. 2. Although, the code is not parallelized yet, its flat-

MPI parallelization will be straightforward. We have com-

bined this non-parallelized Yin-Yang multigrid solver of the

vacuum potential ψ with the non-parallel version of the Yin-

Yang geodynamo code. We have found that the vacuum

field condition has been successfully implemented by this

multigrid potential solver with almost the same computation-

al cost (CPU time) as with the MHD solver part. This is a

very promising result for further development. 

2. Thermal state in the lower mantle with post-per-
ovskite phase transition
Recent theoretical and experimental studies of mineral

physics have indicated that the MgSiO3 perovskite, most

abundant mineral in the Earth's lower mantle, undergoes an

exothermic phase change to a post-perovskite (PPV) struc-

ture just above the core-mantle boundary (CMB). Since the

PPV phase change is characterized by a steep Clapeyron

slope, the phase transition is expected to have an important

effect on the mantle dynamics. Here we study the influences

of the PPV phase transition on the dynamics in the deep

mantle by a three-dimensional model of mantle convection,

with special emphasis to the influence on the thermal state in

the lower mantle [Kameyama and Yuen, 2006]. 

A three-dimensional convection in a basally-heated rec-

tangular box of 3000 km height and aspect ratio of 6 × 6 × 1

is considered. The computational domain is divided uni-

formly into 512 × 512 × 128 meshes based on a finite-vol-

ume scheme. The calculations are carried out by our newly

developed code "ACuTEMan" for the Earth Simulator

[Kameyama et al., 2005, Kameyama, 2005]. We employed

an extended Boussinesq approximation, where the effects of

latent heat, adiabatic (de)compression and viscous dissipa-

Fig. 2  The Yin-Yang multigrid method for the solution of the vacuum magnetic field potential. The full approx-

imation storage algorithm is used. The horizontal boundary values of the Yin and Yang grids for the

overset are determined by the mutual interpolation (white arrows) at the every grid level in the V-cycle

of the multigrid method (gray arrows).
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tion are explicitly included. The viscosity of mantle materi-

als is assumed to be exponentially dependent on temperature

and depth. We take into account the temperature-dependence

of thermal conductivity, which mimics the effects of radia-

tive heat transfer expected to be dominant in a hotter part of

the mantle. In addition to the endothermic phase transition at

around 660 km depth, the transition between perovskite and

PPV phases is modeled as a highly exothermic (i.e., with

steep positive Clapeyron slope) phase change located near

the core-mantle boundary (CMB). The details of numerical

model can be found in [Kameyama and Yuen, 2006]. In this

study the influences of the PPV transition are studied by sys-

tematically varying two parameters: (i) Rb/Ra where Ra and

Rb are the Rayleigh numbers based on the density change

due to the thermal expansion and the PPV phase transition,

respectively, and (ii) the temperature TCMB at the bottom sur-

face which determines the stability field of PPV phase

around there through the relative positioning with the tem-

perature of the PPV phase transition Tint at the CMB. 

In Figure 3 we show for two cases (a) the three-dimensional

distributions of lateral thermal anomalies δT ≡ T –  T , and 

(b) the plots against height z of the horizontally-averaged  T)

(green), maximum Tmax (red) and minimum Tmin (blue) temper-

ature at height z. The values of Tmax and Tmin roughly represent

the temperature of ascending and descending flows, respec-

tively. In these calculations TCMB < Tint is assumed and, hence,

the PPV phase is dominant at the bottom surface. The values

of Rb/Ra adopted in cases L00 and L10 are 0 and 1.25, respec-

tively. Namely, in case L00 the PPV transition does not affect

the convective nature at all, while in case L10 the PPV transi-

tion is assumed to cause 10% density jump and, hence, the

density jump is much larger than the theoretical and experi-

mental estimate ( 1.5%). 

Figure 3 shows that the thermal state at depth is signifi-

cantly influenced by a sufficiently large density jump associ-

ated with the PPV transition. The thermal state in case L10

is characterized by (i) a thick transition region (ranging

about 0.1 ≤ z ≤ 0.3) between the perovskite to PPV phases

and (ii) the vertical profile of T bent toward the phase equi-

librium relations over the depth range. This is due to the

steep positive Clapeyron slope as well as the large density

jump associated with the PPV transition. Because the

Clapeyron slope is steep and positive, the PPV transition is

allowed to occur over the broad range of pressure (or depth)

according to the temperature variation. In addition, when a

significant amount of latent heat is exchanged during the

phase transition, the thermal state in the transition region

tends to be controlled by the thermodynamic p–T condition,

as in the cases with solid-liquid phase transitions in melt

dynamics. Since the rate of latent heat exchange is propor-

tional to the density jump of the phase transition (Rb), a sig-

nificant amount of latent heat is exchanged in case L10 and,

hence, the thermal state in the PPV transition region

becomes close to the phase equilibrium condition. 

From a series of calculations we found that the influence

of the PPV transition is prominent only when Rb/Ra is suffi-

Fig. 3  Snapshots of convective flow patterns obtained for the two cases with TCMB < Tint. Shown in (a) are the distributions of the lateral

thermal anomaly δT. Indicated in blue are the cold anomalies with δT ≤ –0.05, while in yellow to red are the hot anomalies with

δT ≥ 0.025. Plotted against nondimensional height z in (b) are the horizontally-averaged  T (green), maximum Tmax (red) and min-

imum Tmin (blue) temperature at the height of z. Also schematically shown in (b) are the phase relations assumed in this calcula-

tion. For each phase transition, the thick dotted lines indicate the relations of phase equilibrium condition, while the hatched

regions indicate the regions where the phase transition gradually occurs.
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ciently large and TCMB is lower than the temperature of the

PPV transition Tint at the bottom surface. The former condi-

tion requires a sufficient amount of latent heat exchange dur-

ing the phase transition, while the latter requires that the PPV

transition takes place not only in cold but also in hot regions

at depth. When the above conditions are met, the vertical

temperature profile tends to be bent toward the equilibrium

relations of the PPV transition owing to the buffering effect

of latent heat exchange, as shown in Figure 3. We also found

that, for realistic values of the density jump associated with

the PPV transition (~1.5%), the transition is not likely to

exert significant influences on the thermal state at depth. 

3. Low-degree mantle convection in a spherical shell
Unlike mobile tectonic plates of the Earth, the surfaces of

the Venus and Mars, often referred to "single-plate terrestrial

planets", are covered by a thick immobile lithosphere or a

cold stiff lid. The geodetic observations of Venus and Mars

suggest that the thermal convection under the lid of these

planets has relatively long-wavelength structure with the

dominant spherical harmonic degrees of = 2 – 3 or even

lower. In particular, the crustal dichotomy of the Mars

strongly implies that the convection in the Martian mantle is

dominated by a structure of = 1. However, such convec-

tive patterns are hardly compatible with those obtained by

earlier numerical and experimental studies of thermal con-

vection with strongly temperature-dependent viscosity: The

convection of stagnant-lid regime (for extremely strong tem-

perature-dependence of viscosity) are always accompanied

by a short-wavelength structure under a thick and immobile

lid along the top cold surface. Here we numerically explore

the possibility whether the improvement of viscosity model

of the mantle material can help laterally elongate the convec-

tive structure under a highly viscous and immobile lid

[Yoshida and Kageyama, 2006]. 

We consider a thermal convection of a Boussinesq fluid

with infinite Prandtl number in a basally-heated 3-D spheri-

cal shell whose ratio of inner and outer radii is 0.55. The top

and bottom surfaces of the spherical shell are assumed to be

impermeable and the stress-free boundaries. Temperatures

are fixed at the top and bottom surfaces. The governing

equations are discretized by a second-order finite difference

scheme on the Yin-Yang grid [Kageyama and Sato, 2004].

Other numerical details on the application of Yin-Yang grid

to the simulation of the mantle convection can be also found

in [Yoshida and Kageyama, 2004]. 

We focus on the effect of the depth-dependence in addi-

tion to the temperature-dependence of viscosity. We here

assume two types of depth-dependence of viscosity: (1) the

viscosity jumps at a certain depth corresponding to the
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Fig. 4  The isosurface of lateral thermal anomaly δT and the power spectra of the spherical harmonics of temperature field at

each depth. Sudden viscosity jumps of (a) 102 and (b) 102.5 are imposed at the nondimensional radius r = 0.9, while expo-

nential increases in viscosity with depth of (c) 102 and (d) 102.5 are assumed for 0.55 ≤ r ≤ 0.9. The yellow and blue iso-

surfaces indicate the hot and cold thermal anomalies, respectively. The plotted isosurfaces are δT = ±0.25 for (a) and (b),

δT = ±0.30 for (c) and δT = ±0.20 for (d). The logarithmic power spectra are normalized by the maximum at each depth.
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boundary between the upper and lower mantle of the Earth,

and (2) the viscosity monotonously increases with depth in

the Earth's lower mantle. Since there is no sufficient con-

straint for the actual viscosity contrast of the terrestrial plan-

ets due to the depth-dependence, we take it as a free parame-

ter ranging from 30 to 300. We found that the combination

of the strongly temperature- and depth-dependent viscosity

causes long-wavelength structures of convection whose

dominant spherical harmonic degrees are = 1 – 4. 

One of our important findings is that the degree-one con-

vection can be easily reproduced when both the effects of

the temperature- and depth-dependence on the viscosity are

taken into account. Of course, the degree-one convection can

take place solely with temperature-dependence of viscosity:

A convection of "sluggish-lid" regime for a moderate tem-

perature-dependence is characterized by long-wavelength

convection cells under the slowly-moving lid. However, the

sluggish-lid convection appears only in a narrow range of

parameters depending on the viscosity contrast and the

Rayleigh number. In contrast, the degree-one convection is

realized in the wide range of viscosity contrast from 30 to

100 when the viscosity continuously increases with depth in

the lower mantle. We thus speculate that the depth-depend-

ence of viscosity is an important agent for understanding the

nature of mantle convection in terrestrial planets. 

4. Simulation of postseismic deformation
The Japan Islands are located in a subduction zone, where

the Pacific plate is subducting beneath northeast Japan along

the Kuril-Japan trenches, and the Philippine Sea plate

descends beneath southwest Japan along the Nankai trough.

In Japan, we have two types of large earthquakes which

cause great disasters: one is the M 8-class great interplate

earthquakes along trenches with a recurrence time of about

100 years, and the other is the M 7-class intraplate (inland)

earthquakes on active inland faults with a recurrence interval

longer than 1000 years. To simulate generation processes of

these interplate and intraplate earthquakes in a complex sys-

tem of interactive faults, one has to take strong hetero-

geneities of elastic and viscoelastic properties into account.

The elastic structure beneath the Japan Islands is well deter-

mined owing to the recent geophysical surveys such as seis-

mic tomography. On the other hand, the viscoelastic rheo-

logical structure, which strongly controls the interaction

between earthquakes, is still unclear. 

In Japan, nationwide geodetic surveys (leveling, triangu-

lation and trilateration surveys) have been repeatedly carried

out since 19th century. The 1896 Riku-u earthquake—an

inland large (M7.2) event occurred in Tohoku region far

from major plate boundaries—left clear long-term postseis-

mic deformation in the nationwide leveling network. 

Based on the postseismic deformation data following the

1896 Riku-u event, several researchers have estimated viscosity

of the mantle wedge in the Tohoku region. In contrast to previ-

ous studies by Thatcher et al. (1980) and Suito and Hirahara

(1999), we have included realistic distribution of elastic struc-

ture (the crust and subducting Pacific plate) in the calculation.

We use the finite element method with GeoFEM code for

our viscoelastic simulation. Based on the plate configuration

data deduced from the geophysical survey, we constructed

FEM mesh shown in Fig. 5. [For GeoFEM simulation of earth-

quake simulation see also [Hyodo and Hirahara, 2004].] We

assume that the crust and subducting Pacific plate are purely

elastic, and the upper mantle is Maxwellian viscoelastic mate-

rial. Imposing a static dislocation at the source area of Riku-u

earthquake as the initial condition, we performed simulations

of postseismic deformation due to the stress relaxation in the

viscoelastic mantle. The elastic constants used in this study are

the same as those used in Suito and Hirahara (1999).

Trying several simulations with different viscosity η, we

found that the best estimate is η = 1.40 × 1019 [Pa· s]. The

simulation with this value successfully reproduces the

observed spatial profile of the height changes accross the

Riku-u rupture area and also reproduces the temporal profile

of the nearest observational sites to the fault. 

5. Summary
Based on our original tools—Yin-Yang grid and ACuTE

method—we further developed our simulation models this

fiscal year and applied them to the geodynamo and mantle

convection simulations. We also developed an earthquake

simulation model to estimate the upper mantle viscosity. 

Byproducts of this fiscal year's research are; a pedagogi-

cal paper on rotating geophysical systems [Kageyama and

Hyodo, 2006] and new grid system for dipole magnetic field

[Kageyama et al., 2006]. 

Fig. 5  FEM mesh used in postseismic deformation simulation. We

assume that the crust and subducting Pacific plate are purely

elastic, and the upper mantle is viscoelastic.
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