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Chapter 1  Earth Science

We investigate the effect of the heat source distribution on the behavior of the magnetohydrodynamic (MHD) dynamo

action. We consider three models in which the ratio of the heat flow at the inner core boundary to that extracted away from the

core to the mantle varies from 0%, 50% to 100%. The most frequently studied geodynamo model with a temperature differ-

ence between the upper and lower boundaries corresponds to the 100% case. An important parameter closely related with the

thermal condition is the Rayleigh number, which is defined as it indicates the amount of heat flow taken away from the core

surface, and therefore, we performed a parameter study by changing the Rayleigh number as another control parameter. The

results suggest that both the Rayleigh number and the heat source distribution influence the stability of the magnetic field. We

also performed the case without the inner core to investigate the geometrical effect of the inner core on the dynamo action.

The representative results of the simulations are summarized in this report.
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1. Introduction
In previously studied numerical geodynamo models, sev-

eral aspects of the Earth's magnetic field have been repro-

duced, such as the dipole-dominant field and the time-varia-

tion characteristics, including polarity reversal. However, the

numerical dynamos do not model the actual physical condi-

tion of the Earth's core at least in some respects, and there-

fore it is unclear to what extent the numerical results approx-

imate the Earth's dynamo. One of the crucial differences

between the models and the real Earth can be found in kine-

matic parameters. In particular, treating extraordinarily low

viscosity of the Earth's core requires too high-resolution sim-

ulations to be implemented by using present-day computer

systems. Based on this viewpoint, attempts have been made

to achieve a parameter regime that is close to that of the

Earth's core by using the highest possible computing power

(e.g., Takahashi et al., 2005). 

The thermal condition is also an important issue in com-

paring the models and the Earth. In most of the previously

studied models, convection is driven by a temperature differ-

ence between upper and lower boundaries. However, this

condition does not properly reflect that of the Earth's core.

The driving force of the convection in the Earth's core is not

entirely understood, but the following causes are conceivable

to create buoyancy forces (e.g., Buffet et al., 1996): (1) secu-

lar cooling due to heat transfer from the core to the mantle,

(2) internal heating by radiogenic isotopes (e.g., 40 K), (3)

latent heat due to the inner core solidification, and (4) com-

positional buoyancy due to the ejection of light elements at

the inner core surface. The latter two coincide with the inner

core growth, which is ultimately caused by the secular cool-

ing of the core. The relative contribution of the driving forces

is not well-known, and it has probably changed in geological

time-scales. However, all of the above phenomena except for

radiogenic heating are caused by the secular cooling of the

core and, therefore, any dynamo models that do not consider

this effect might be dissimilar to the Earth's dynamo. 

The thermal condition of the core has a considerable

influence on the core convection. For example, in the case of

a temperature difference between the outer and inner bound-

aries, the heat flow per unit area at the inner boundary is

approximately ten times larger than that at the outer bound-

ary, thereby causing enormously intense flows localized at

the inner boundary. Some numerical dynamo models suggest

that the reversal of the magnetic field is triggered by the

strong fluctuations of the flow localized at the inner bound-

ary, without incorporating secular cooling of the core (e.g.,

Takahashi et al., 2005). Since the assumption of no secular

cooling is unrealistic, it is uncertain whether or not the

strong flows near the inner core surface produced by the arti-
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ficial boundary condition is really the very reason of the

geomagnetic field reversals. 

Here, we investigate the effect of the thermal condition on

the behavior of the magnetohydrodynamic (MHD) dynamo

action with the viscosity as low as possible. In this study, we

consider three models in which the ratio of the heat flow put

into the core at the inner boundary to that extracted away

from the core to the mantle varies from 0%, 50% to 100%.

The frequently studied model with a temperature difference

between the upper and lower boundaries corresponds to the

100% case. Furthermore, the case without the inner core is

also studied to clarify the geometrical effect of the inner

core, where the ratio of the heat flow is 0%. Note that the

case without the inner core is applicable to the Earth's core

in the era before the inner core formation, which is often

estimated as in the Proterozoic or in the Archean (e.g.,

Stevenson en al., 1983). An important parameter closely

related with the thermal condition is the Rayleigh number,

Ra, and therefore, we performed a parameter study by

changing Ra as another control parameter.

2. Model
We consider a spherical shell filled with an electrically

conductive Boussinesq fluid and spun around the z-axis with

an angular velocity Ω. The ratio between the inner radius ri

and the outer radius ro is set to 0.35 in the case with the inner

core. The case without the inner core is also considered. The

regions inside and outside the fluid shell are electrically insu-

lating. The temperature of the inner core surface, if exists, is

horizontally homogeneous, but its value changes in time due

to heat transport between the inner and the outer cores. The

average temperature of the outer surface of the core does not

change in time, but the temperature variation over the outer

surface is determined so that the heat flux per unit area is

horizontally homogeneous. Rigid boundary conditions are

imposed and both boundaries are co-rotating. The gravity

changes linearly with radius. Spherical polar coordinates (r,

θ, φ) rotating with an angular velocity Ωez are used, where ez

is the unit vector parallel to the z-axis. The cylindrical coor-

dinates (s, z, φ) are also used for illustrative purposes.

The nondimensional governing equations are

where u, B, ω = ∇∇  ××  u, and J = ∇∇  ××  B are velocity, magnetic

field, vorticity, and electric current density, respectively. T

and p are deviations from the equilibrium state of tempera-

ture and pressure. Length is scaled by ro , time by ro
2 /η, mag-

netic field by                 and temperature deviation by βro,

where µo the magnetic permeability, η magnetic diffusivity,

ν kinematic viscosity and ρ density. The resulting five non-

dimensional parameters are the modified Rayleigh number

Ra, the Ekman number E, the magnetic Ekman number Em,

the Roberts number q, and the heat source parameter, Q,

which are defined by

where α and go are the thermal expansion coefficient and

acceleration due to gravity at the outer radius, respectively.

Q1 represents the heat flow added at the inner core surface

and Q0 does the total heat flow taken away from the core to

the mantle. Note that the same Rayleigh number means the

same heat flow across the core-mantle boundary, since the

temperature is scaled by βro. When convection occurs to cool

the core and transport the heat to the mantle, the heat flow

across the core surface transiently increases. However, after

the convection becomes a steady (or quasi-steady) state, the

heat flow returns to the initial value because heating due to

magnetic and viscous diffusions is neglected. In all the simu-

lation in this study, the Ekman and magnetic Ekman numbers

are set to 10–5, and the Roberts number is set to 1. The

Rayleigh number, Ra, and the heat source parameter, Q, are

changed. The simulation code used here is based on the spec-

tral transform method in which the variables are expanded by

spherical harmonics and the Chebyshev polynomials. The

initial condition of this study is the result of the magnetocon-

vection calculation with the same parameters or the result of

the calculation with different but the nearest parameter. The

spatial resolution is determined so that the wavenumber

power spectra of all variables drop more than three orders of

magnitude at the cutoff wavenumber, compared to the peak

values of the spectra. The cutoff wavenumber used in this

study is between 128 and 256.

3. Results
We examined the following four dynamo models:

1. Case N: the inner core does not exist, and heating is 100%

internal (Q = 0.0),

2. Case E0: the inner core exists, and heating is 100% inter-

nal (Q = 0.0),

3. Case E1: the inner core exists, and heating is 50% internal

and 50% from below (Q = 0.5), and

4. Case E2: the inner core exists, and heating is 100% from

below (Q = 1.0).

Comparing Case N with Case E0 reveals the geometrical

effect of the inner core. A comparison between Cases E0,

E1, and E2 reveals the effect of a difference of the heat

source distributions. Case E2 is practical comparing this

study to other geodynamo models driven by only basal heat-
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ing, which are common in most of the recent studies (e.g.,

Christensen and Aubert, 2006; Takahashi et al., 2005).

Another control parameter We take notice in this study is the

Rayleigh number Ra, which is changed from 200 to 19200.

(The critical values of Ra for the convection are 200, there-

fore the calculation in this study reaches nearly 100 times

critical.) We found 27 self-sustained dynamos out of 31 sim-

ulations with different conditions.

3.1 Three kinds of dynamo regimes

In the previous studies focused on the Ra dependency of

the geodynamo (Takahashi and Matsushima, 2005; Kutzner

and Christensen, 2002), the following three regimes have

been observed on the basis of the value of Ra:

• low-Ra regime: the magnetic field is dipolar, and the mag-

netic energy increases efficiently with the increase of Ra,

• moderate-Ra regime: the magnetic field is dipolar, and the

magnetic energy does not increase efficiently with Ra, and

• high-Ra regime: the magnetic energy decreases from that

in the moderate-Ra regime; further, the magnetic field

becomes non-dipolar, in contrast to the dipole-dominant

magnetic field in the low- and moderate-Ra regimes.

The kinetic energy increases nearly linearly with the

increase of Ra. In the present study, we identified the low-

and the moderate-Ra regimes, which is universal irrespective

of the variation of Q and the existence of the inner core.

Although its calculation time is relatively short, the high-Ra

regime was also found. These three kinds of regimes can be

confirmed in Fig. 1. The spatial structure in each regime is

shown in Fig. 2. Simulation lengths in all cases in the low-

Fig. 1  Mean kinetic (filled symbols) and magnetic (open symbols) ener-

gy densities are plotted versus Ra. Case N (black), Case E0 (red),

Case E1 (green) and Case E2 (blue).

Fig. 2  Case E0. View from the North Pole. Warm colors indicate positive values and cold colors do negative values. (top) Axial vorticity

ωz in equatorial plane. (bottom) Radial magnetic field Br at the outer shell surface. From left to right, Ra = 1600, 9600, and 19200.
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and the moderate- regimes are at least longer than 0.6 time

units, which is about 2.5 dipole diffusion times (one dipole

diffusion time is about 0.24 time units). The simulation

lengths in the high-Ra regime are shorter than 2.5 dipole

times at this time, therefore we will mainly discuss the first

two regimes in this report. 

The ratio of the magnetic to kinetic energy densities can

be interpreted as "dynamo efficiency" because this quantity

roughly measures how strong the magnetic field is generated

for a given convection strength. To investigate how the

change of the dynamo regime influences the dynamo effi-

ciency, the spectral distribution of the kinetic and the mag-

netic energy densities and the dynamo efficiency, Em/Ek, as

a function of the harmonic degree l is shown in Fig. 3 and

Fig. 4, respectively. In the low-Ra regime, the increase in the

value of Ra causes no significant changes in the efficiency

Fig. 3  Time-averaged spectra of the volume-averaged kinetic and magnetic energy densities. The solid lines indicate

the magnetic energy densities and the dashed lines do the kinetic ones. Gray dashed lines indicate l = 40 as a

marker. The results at Ra = 800, 3200, 9600 of Case E2 and result at Ra = 19200 of Case E0 are shown.

Fig. 4  The ratio of the magnetic energy spectral component to the kinetic one is shown for Case E2.
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spectrum (Fig. 4 (left)). On the other hand, in the moderate-

Ra regime (Ra ≤ 3200), the efficiency decreases with Ra

especially in the high-l components, and the values of Em/Ek

at these components approach unity (Fig. 4 (right)). This

indicates that the increase in the small-scale components of

the velocity fields in the moderate-Ra regime does not

exhibit an efficient dynamo action.

3.2 Field intensity at the core surface

The spatial pattern and the intensity of the surface mag-

netic field are not affected very much by the addition of the

basal heating and by the existence of the inner core, although

the small-scale flux patches are expelled from the polar

region in the cases with the inner core (see Fig. 7 (a)). Fig. 5

(left) shows the magnetic energy averaged over the core sur-

face as a function of Ra. When the volume-averaged mag-

netic energy is saturated (Ra > 3200), the surface-averaged

energy is also saturated in the same way. However, the satu-

rated surface-averaged energies in all four cases are nearly

the same, in contrast to the case of the volume-averaged

magnetic energy where the addition of the basal heating cre-

ates 30% higher value (Fig. 1). This implies that the surface

magnetic field intensity, which can be observed from the

surface of the Earth, is independent of the addition of the

heat sources at the inner core boundary, and that the differ-

ence of the volume-averaged magnetic energy due to the

basal heating is caused by physical processes deep inside the

core. The dipole fraction at the surface field gradually

decreases with the increase in Ra as shown in Fig. 5 (right).

3.3 Tilt of the dipole axis

The morphology of the magnetic field at the core surface

influences the magnetic dipole tilt, which we define as the

ratio of the equatorial dipole component to the axial dipole

component. Fig. 6 shows the time-averaged dipole tilt as a

function of Ra. In all the cases, the averaged magnetic pole

latitude regularly increases with Ra until Ra = 3200.

However, at Ra ≥ 3200, the magnetic pole latitude starts

decreasing with Ra, particularly in Cases E1 and E2. The

reason for this can be explained as follows. When one or a

few number of magnetic flux patches comprise the dipole

component (as in the result of Ra = 1600 in Fig. 2), the pole

tilt is largely controlled by the motion of each patch. Since

each patch basically tends to move with the flow beneath the

core surface, whose fluctuation becomes more vigorous at

higher Ra, the fluctuation amplitude of the patch becomes

large and the dipole tilt increases at higher Ra. On the other

hand, in the presence of several small-scale patches (as in

the result of Ra = 9600 in Fig. 2), the pole tilt is determined

as the average of the randomly distributed patches. In this

Fig. 5  Magnetic power at the core surface is plotted versus Ra (left) and Energy ratio of the dipole component to

the total magnetic field on the core surface is plotted versus Ra (right). Case N (black), Case E0 (red),

Case E1 (green) and Case E2 (blue).

Fig. 6  The ratio of the equatorial dipole component to the axial dipole

component is plotted versus Ra. The error bars denote the stan-

dard deviations. The corresponding dipole tilts are shown in the

figures. Case N (black), Case E0 (red), Case E1 (green) and Case

E2 (blue).
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case, the pole tilt becomes smaller when the small-scale

patches are distributed more randomly as in the cases at

higher Ra. As a result, the dipole tilt decreases with Ra.

3.4 Geometrical effects of the existence of the inner core

The absence of the inner core significantly influences the

dynamics in the region near the rotating axis (the region s <

0.35). The axisymmetric flow along the rotating axis pene-

trating the equatorial plane appears when Ra is moderate,

which creates a notable flux patch at the pole (Fig. 7 (a)).

The magnetic patches' preference of the polar region in Case

N results in a relatively smaller tilt than those in the other

cases (Fig. 6). However, the difference of the convection

pattern in the region s < 0.35 has negligible effect on the

total dynamo efficiency because of small volume of this

region. Therefore, the mean kinetic and magnetic energy

densities in the case without the inner core are almost the

same as in the case with the inner core and no basal heating

(Fig. 1), indicating that there is no significant geometrical

effect of the inner core on the dynamo efficiency.

3.5 Transition from the moderate- to the high-Ra Regimes

According to the previous studies (Takahashi and

Matsushima, 2005; Kutzner and Christensen, 2002), the

regime boundary between the dipolar moderate-Ra regime

and the non-dipolar high-Ra regime corresponds to the state

at which the kinetic and the magnetic energies are of the

same order (i.e., Em~Ek). The same tendency was confirmed

in our results as shown in Fig. 1. This indicates that the

dynamo efficiency is closely related to the stability of the

dipole field. The dynamo efficiency (Em/Ek) increases with

Ra and reaches its maximum value at Ra = 1600 in all the

four cases (Fig. 8 (left)). After that, the value starts decreas-

ing linearly with Ra. The variation pattern of the dynamo

efficiency reflects the change of the dynamo regime. The

turning point at which the dynamo efficiency stops increas-

Fig. 7  The radial magnetic field Br and velocity ur at a certain depth. Ra = 1600. From left to right, Case N, Case E0, Case E1, and Case E2.
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ing probably corresponds to the transition from the low- to

the moderate-Ra regimes. Here, we linearly extrapolate the

value of Em/Ek in moderate-Ra regime to higher Ra to esti-

mate a Ra value at which Em/Ek=1 in Fig. 8 (right). The dif-

ference in the values of the boundary Ra value in all the four

cases implies that the destabilization tendency of the dipole

field is greater in the cases with basal heating (Cases E1 and

E2) than in the cases without it (Cases N and E0), and there-

fore, the change in the value of Q can cause the destabiliza-

tion of the magnetic field. 

4. Conclusion and Future works
We performed a parameter study of the MHD dynamo in

the Ra-Q parameter space. As a result, it was found that the

value of Q, which is the ratio between the heat flow added at

the inner core surface and the total heat flow taken away from

the core to the mantle, influences the stability of the geody-

namo. In the previous studies, it was pointed out that the sta-

bility of the dynamo depends on the value of Ra (e.g., Kutzner

and Christensen, 2002) and the morphology of the heat flow

at the core mantle boundary (Glatzmaier et al., 1999). The

result of this study can provide another possibility.

In the future work, the difference in the manner of the

destabilization of dynamo between the cases with the differ-

ent thermal condition should be closely studied to find out

the effect of the thermal condition on the destabilization of

the dynamo.
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