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Chapter 1  Earth Science

We are developing new algorithms and codes for computational solid earth sciences. In the geophysical simulation study,

one of the great challenges is to reproduce realistic plate tectonics with mantle convection simulation. We are developing an

Eulerian numerical scheme for the steady Stokes flow to solve a deformation of rigid material (plate tectonics) induced by

thermal convection of soft fluid (mantle convection). Another important achievement in this fiscal year is high resolution geo-

dyamo simulations based on Yin-Yang grid, using 512 nodes of the Earth Simulator. A new structures of the flow (plume

sheets) and electric current field (spring coils) are found in these simulations. We have also developed a new code of earth-

quake cycle simulations with the elastic/viscoelastic heterogeneity.

Keywords: geodynamo, mantle convection, plate tectonics, ACuTE method, Yin-Yang grid, Eulerian scheme

1. Validity test of a Stokes flow solver by fluid rope
coiling: toward plate-mantle simulation 
Our simulation scheme combines (i) the multigrid method

together with a fast and robust smoother algorithm named

ACuTE [1, 2], and (ii) an low diffusive semi-Lagrangian

advection algorithm named CIP-CSLR-CS [3]. Since it is

easy to optimize in vectorization/parallelization, our method

is suitable for large scale simulation. 

Last year, we proposed a validity test of our simulation

scheme by using a fluid rope coiling event, in which we com-

pared our three dimensional simulation result (3-D model)

with a numerical solution of a one dimensional equilibrium

problem (1-D model). In this simulation, rigid material is sur-

rounded by a material (called 'air') with small viscosity ηair to

mimic a free surface of the rope fluid. This year, we summa-

rize results of numerical experiments and show that our sim-

ulation scheme can successfully reproduce not only qualita-

tive but also quantitative behavior for a large deformation

problem of a curved rigid plate [4] (Fig. 1 and 2). Fig. 1  Results of qualitative comparison for fluid rope properties. Semi-

transparent yellow isosurface shows density distribution of rope

fluid of 3-D model, and sequence of the colored balls (colored

tube) shows solution of 1-D model. Size and color of ball express

radius of fluid rope. Agreement of results between our 3-D

model and 1-D model are represented by overlaps of isosurface

and colored balls.
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2. Treatment of numerically defined boundary condition
The success of our simulation study for fluid rope coiling

event indicates that our approach potentially solves behav-

iors of numerically defined boundary conditions (e.g. free

surface of a rigid plate) of a Stokes flow without serious

quantitative errors. We therefore begin to develop a treat-

ment of numerical boundary conditions in a mechanical

point of view. This is a step toward plate mantle unified sim-

ulation which reproduces a whole Stokes flow motion of the

solid earth system. 

In this year, we are trying to simulate a self-gravitating

motion of the Stokes flow as a free surface problem. It

means that a spherical shape, like the real, earth is created in

the cubed Cartesian grid. Instead of the previous small vis-

cous air approach, we introduce the stress free condition on

an air cell, and we don't have to calculate for the region out-

side a material (air region). On the other hand, because of

the stress free boundary condition and lack of inertial term in

a Stokes flow calculation, we have difficulty with the rigid

motion of a material since it might devastate the calculation.

So we extract such an external force (sometimes due to a

desctrization error) that produces the rigid motion of materi-

al from the force balance equation. This procedure is also

applied to the field of each grid levels of the multigrid algo-

rithm. As a result, we have succeeded in calculating a circu-

lar shape from square profile with the fast multigrid iterative

manner, even though there is strong viscosity contrast inside

the material (Fig. 3). 

We also develop a simulation scheme which uses a repro-

duced sharp plate boundary profile as a brittle breaking

plane. We introduce the mechanical boundary conditions, in

which a strain rate by the velocity along a brittle plane does

not work as the viscous stress. Although many types of treat-

ments for brittle breaking (e.g. yield stress method) are pro-

posed, once brittle breaking occurs, almost all of them just

decrease the viscosity on the plate boundaries to represent

the breaking situation. On the other hand, our method takes

into account the direction of the brittle plane. 

3. High Resolution Geodynamo Simulation by Yin-
Yang Grid with low Ekman number 
In this Fiscal Year, we have done product runs of large

scale geodynamo simulations with the Yin-Yang grid [5, 6].

The high performance and parallelization rate of the Yin-

Yang grid was already confirmed [7, 8, 9]. We have done

geodynamo simulations with low Ekman number. The

Ekman number is the ratio of rotation time scale over vis-

cous diffusion time scale. One of the difficulty of geody-

namo simulation is that the viscosity of the outer core in the

Earth is very low—so Ekman number also becomes very

low. The low viscosity requires high resolution simulation.

The new geodynamo code with Yin-Yang grid enabled us to

Fig. 2  Results of qualitative comparison for fluid rope properties. Time

evolution of angular velocity Ω of fluid rope against vertical axis.

Fig. 3  Time evolution of squared profile in central gravitational field. Viscosity profile is shown by colors: Red means

rigid material (η = 1.0) and blue means soft material (η = 10–2), and black region represents air (no calculation

area). Figures show (a) initial state, (b) intermediate state, and (c) final state.
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perform high resolution geodynamo simulations on the 4096

processors of the Earth Simulator. The grid size of our simu-

lation is Nr × Nθ × Nφ × 2 = 511 × 514 × 1538 × 2, where 

Nr , Nθ , Nφ are numbers in radial (0.3 < r < 1.0), latitudinal

(π/4 < θ < 3π/4), and longitudinal (–3π/4 < φ < 3π/4) direc-

tions. The last factor × 2 is for Yin and Yang. Due to this

high resolution, we could achieve the Ekman number 2.3 ×

10–7. This is the lowest value achieved to date in geodynamo

simulations. 

In this low Ekman number regime, the convection, current,

and magnetic field structures are quite different from those in

higher Ekman numbers which showed formation of positive

and negative vorticity columns side by side. Figure 4 

shows an overview of the convection structure. Figure 4(a)

shows the component along the rotation axis of the vorticity,

ωz, on the equatorial and meridional cross-sections by color

contour. The red and blue are for positive and negative vor-

ticity, respectively. The convection is composed of jets in

radial direction. The jets are narrow. The peak Fourier mode

at r ~ 0.4 is about 50. The width of the jets is independent of

radius because the jets bifurcate. Figure 4(b) shows a magni-

fied image of the velocity field on the equatorial plane by

colored arrows. A part of the inner core is also shown as a

spherical mesh. The convection is composed of narrow

upstream (toward core-mantle boundary) and downstream

(toward inner core) flow. In three-dimension, the convection

structure is multiple sheet-like structure elongated in the par-

allel direction to the rotation axis since the flow structure is

almost two-dimensional along the rotational axis by rapidly

rotation effect (Taylor-Proudman's theorem). The pattern of

ωz on the meridional cross-section shown in Fig. 4(a) shows

this effect well. 

Magnetic field is amplified by the magnetohydrodynamic

(MHD) dynamo process. The total magnetic energy integrat-

ed over the spherical shell region, or the outer core, is sever-

al times larger than the convection flow energy. Figure 5(a)

shows the radial component of the magnetic field, Br. The

magnetic fields are bundled. In other words, many magnetic

flux tubes are formed. This is also a new discovery in this

low Ekman number regime geodynamo. Figure 5(b) shows

one of the magnetic flux tube. Magnetic fields are shown by

pink tubes. In this figure, current field (blue tubes) and

velocity fields (arrows) are also shown. The current structure

is helical coil since magnetic flux tubes are formed. The

bundled magnetic field is in the helical current coil and is

parallel to the axis of the helical current coil. The velocity is

also nearly parallel to the magnetic field. This flow is

upwelling. We have found that the accelerating upstream

flow stretches out the magnetic field lines. Then, the dynamo

process, which is conversion of convection kinetic energy to

magnetic energy, takes place and magnetic flux tubes are

formed there. 

Figure 6 shows comparison with other Ekman number

case of convection structure. The ωz on the equatorial plane

is shown. Figure 6(a) shows the Ekman number is 2.3 × 10–7

(case a) and Fig. 6(b) shows the case with 2.6 × 10–6 (case

b). A remarkable character is the width of the jet. It becomes

large in case b. In addition, in case a, magnetic fields in the

sheet plumes are almost straight. On the other hand, in case

b jets slightly wind to longitudinal direction. Magnetic fields

Fig. 4  A high resolution geodynamo simulation using Yin-Yang grid. (a) The component along the rotation axis of the

vorticity, ωz, on the equatorial and meridional cross-sections by color contour. The red and blue is for positive

and negative vorticity, respectively. (b) A magnified image of velocity field on the equatorial plane by colored

arrows. A part of the inner core is also shown as a spherical mesh.
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also wind along the flow. We found in case b, the current

coil structure survives, though in a less distinctive fashion. 

The new findings in this fiscal year including convection

structure (sheet plumes), the current field structure (helical

coils), and the magnetic field structure (localized straight

flux tubes) are summarized in our recent paper [10]. 

4. Earthquake cycle simulation 
We have developed a new code for 2-D quasi-static earth-

quake cycle simulations with the elastic/viscoelastic hetero-

geneity in the material distribution. In many previous quasi-

static earthquake cycle simulations which mainly deal with

the long-term slow deformation process of earthquake cycle

including a quasi-dynamic treatment of dynamic rupture

process, the earth is assumed to be purely elastic for the sim-

plicity. Our new code enables us to simulate earthquake

cycles under the realistic elastic/viscoelastic structure and

complex plate boundary configuration. In FY 2008, we have

completed the development of the 2-D simulation code, and

performed some numerical simulations of the earthquake

Fig. 5  (a) The radial component of the magnetic field, Br. Many magnetic flux tubes are formed. (b) A magnified image of

one of the magnetic flux tubes. Magnetic fields are shown by pink tubes. Current field (blue tubes) and velocity

fields (arrows) are also shown. The current has a helical structure. 

Fig. 6  The vorticity ωz on the equatorial plane. (a) Ekman number is 2.3 × 10–7. (b) 2.6 × 10–6. The width of the jet becomes large in case b.
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recurrence on dipping faults in the viscoelastic earth model.

Among them, we feature results of the simulation which are

performed in order to evaluate the effect of the viscoelastici-

ty on earthquake cycles in this report. 

As a most simple viscoelastic structure, we constructed a

2-D viscoelastic finite element model consisting of a stan-

dard linear solid (SLS) material overlied by an elastic layer

with the thickness of 80 km. For numerical stabilization after

the viscoelastic relaxation, we use the SLS model in which

an elastic spring element with small stiffness is added in par-

allel to a Maxwell element. We assume the stiffness of the

added spring element is assigned to be one percent of the

Maxwell element so that the viscoelastic property of SLS is

similar to that of Maxwell solid. With homogeneous elastic

property in the whole FE model (rigidity :G = 30GPa,

Poisson's ratio ν = 0.25), only the effect of the viscosity of

SLS on the seismic cycle will be considered in the present

calculation. Hereafter, the difference of the viscosity values

is represented by a term 'τSLS' which is defined by the viscosi-

ty value of Maxwell element over its rigidity. Following the

well-studied plate configuration in elastic simulations, we

set an inclined plate boundary with the dip angle of 20˚, and

assume a rate-and state-dependent friction is acting on the

plate interface within the elastic layer. The RS friction

includes three frictional parameters A, B and L, which are to

be assigned on the plate interface. The parameter A is related

to the rate dependence, and the parameters B and L to the

frictional surface state. Figure 7 indicates the depth distribu-

tion of frictional parameters A and B assumed in this study.

The frictional parameter L is the characteristic slip distance

during which the friction reaches the new level after the slip

rate is changed. In the present simulation, L is assumed to be

25 cm independent of depth. 

Assuming the relative velocity of plates Vpl = 10 cm/yr,

we perform simulations with several values of τSLS (3, 10, 30

and ∞ years). In each case of the present simulation for dif-

ferent τSLSs, the steady aseismic sliding occurs at the deeper

part of plate interface, while great earthquakes recur with

almost the same interval of 162–164 years at the shallow

asperity region of negative A–B (see Figure 8). Besides such

characteristic similarities, there exist some remarkable dif-

ferences between simulated earthquake cycles in elastic and

viscoelastic earth models. Figure 9 shows the depth distribu-

tion of seismic slips and seismic coupling coefficients in

simulated earthquake cycles, where we define the seismic

slip as the slip distance with a slip velocity higher than 1

cm/s during one earthquake cycle, and the seismic coupling

coefficient is the ratio of the seismic slip to total amount of

slip during a recurrence interval of great earthquakes. Both

the seismic slip and coupling coefficient in the elastic model

are larger than those in viscoelastic models. In elastic model,

shear loading is caused only by the aseismic sliding just

below the seismogenic zone. In viscoelastic case, another

shear loading due to the relaxation in SLS material just after

the great earthquake continuously prevents the shallow

asperity region healing up, hence the degree of stick (i.e.

interplate coupling) there is weakened than that of elastic

case. As a result of weak interplate coupling throughout the

interseismic period, at the preseismic stage, slow pre-slips

with velocity slower than 1 cm/s need to extend the wider

region of the asperity so that the shear stress of the asperity

reaches critical state and dynamic slips initiate (note the rela-

Fig. 7  The depth dependence of frictional constitutive parameters A

(thin solid line), B (dotted line), and A-B (thick solid line)

assumed in the simulation.

Fig. 8  Spatio-temporal evolution of fault slip on the model plate bound-

ary. (top) elastic model (τSLS = ∞ years ). (bottom) viscoelatic

model (τSLS = 3 years ).
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tion between dotted regions in Fig. 8 and cavities of the seis-

mic slip distribution in Fig. 9). 

From above results, for dipping faults, it may be conclud-

ed that the viscoelasticity largely affects the sliding behav-

iour on the fault and that the consideration of rheology struc-

tures is important for the realistic earthquake cycle simula-

tion. 

5. Mantle convection and other topics 
Our new simulation code of mantle convection in a spher-

ical shell geometry, combined with the Yin-Yang grid and

ACuTE techniques [11], was further applied to the models

with solid-state phase transitions. We have successfully

reproduced the effects of endothermic post-spinel transition

occurring at around 660 km depth from the Earth's surface. 

We also studied other topics that are summarized in the

following papers: [12, 13, 14, 15, 16, 17]. 
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