
Non-equilibrium Superconducting Dynamics after
Neutron Capture Close to the Superconducting
Transition Edge in MgB2 and Novel Pairing in 
the Hubbard Model with Confinement Potential 

Project Representative

Masahiko Machida CCSE, Japan Atomic Energy Agency

Authors

Masahiko Machida 1, 5, Takuma Kano 1, Susumu Yamada 1, Toshiyuki Imamura 2, 
Tomio Koyama 3, 5 and Masaru Kato 4, 5

1 CCSE, Japan Atomic Energy Agency

2 The University of Electro-Communications

3 IMR, Tohoku University

4 Graduate school of Engineer, Osaka Prefecture University

5 CREST (JST)

We perform large-scale numerical simulations on non-equilibrium superconducting dynamics after a neutron capture at the

superconducting transition edge in MgB2 by solving the time-dependent Ginzburg-Landau (TDGL) equation coupled with the

Maxwell and the heat diffusion equations. The simulations are carried out under the voltage biased condition which is a typi-

cal operating situation for X-ray superconducting detectors, and a quick temporal response of the current associated with non-

equilibrium dynamics after the release of the nuclear reaction energy is measured. On the other hand, we investigate a pairing

mechanism in the Hubbard model with confinement potential, which is a model for strongly correlated electron systems con-

fined inside a nano-domain and atomic Fermi gasses loaded on an optical lattice, by using exact diagonalization method. The

calculation reveals that when the Coulomb repulsion exceeds a critical value and the confined potential is strong enough to

make a Mott insulator region around the potential center, a Cooper pairing function develops between the both sides of the

Mott region. This pairing is found to be strongly correlated to spin structure inside the Mott region, which shows a dimerized

character of spin-singlet.
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1. Introduction 
After the discovery of an alloy superconductor MgB2 [1],

a tremendous number of experimental studies have been

made in order to clarify basic aspects of MgB2, and several

intriguing features have been revealed. In addition, many

applications using MgB2 have been proposed due to its pecu-

liarities. Among their several ideas, an application suggested

by Ishida et al. is a quite attractive for the research field of

the atomic energy science [2]. The idea is as follows. When

a neutron hits on MgB2 sample, a nuclear reaction occurs

between a neutron and an isotope of B, i.e., 10B with a high

probability. Then, a fixed energy is released, and the energy

transforms into a heat which leads to an instantaneous

destruction of the superconducting state if MgB2 is in the

temperature below the transition temperature (39K). Thus,

the moment of the nuclear reaction is easily found to be

observable as the electrical signal [2], since the destruction

of superconductivity nucleates a normal spot along which an

electrical resistance is generated when the electrical current

flows. This idea is principally equivalent to the detection

mechanism of the famous superconducting transition edge

sensor (TES) for X-ray and other ones [3]. 

In TES's, an essential operating condition is voltage-bias,

in which the current responds to the thermal heat release and

a dip structure emerges in the time sequence of the current

due to the instantaneous superconductivity depression. In

addition, the voltage bias makes it possible to automatically

feedback to the initial state, which gives an excellent per-
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formance as a detector. Thus, the condition employed in

TES is found to be useful for the neutron detection in MgB2,

too. In this fiscal year, we have, therefore studied a theoreti-

cal framework [4] to trace the non-equilibrium state [5–8]

under the voltage bias condition and developed a program to

simulate the neutron detection under the case. Consequently,

we have succeeded in performing preliminary simulations.

The simulation results reveal that the response time is very

short while the current response is correlated to the location

in which the nuclear reaction occurs. This information is

physically reasonable and important. We will perform more

systematic studies in the next fiscal year project. 

Various applications using the existing superconductors

are known to be promising, while to raise the superconduct-

ing transition temperature (Tc) is a quite attractive issue for

not only fundamental physics but also engineering scene,

since all the superconductor applications now require a

large energy cost to cool down the system. Thus, we have

started to study the superconductivity mechanism to under-

stand what a crucial factor is to lift up Tc since the last fiscal

year [9]. As numerical methods to approach the issue in

highly correlated electronic systems, three types of numeri-

cal methods have been so far suggested. These are called

the exact diagonalization, the qunatum Monte calro, and the

density matrix renormalization group methods, respectively.

Among them, we paid an attention to a viewpoint of the

exactness, and therefore, selected the exact diagonalization

method as a main numerical approach in our project. Since

the last fiscal year, we have faced the parallelization and the

performance improvement for the exact diagonalization

code, and developed an excellent high-performance one

which shows ~16Tflops when using 512 nodes. Such a per-

formance is much beyond our initial expectation since the

diagonalization code frequently requires all-to-all commu-

nications which intrinsically drops the performance. In this

report, we have to avoid describing the details of the code

tuning due to lack of space, but we would like to remind

that the tuning skills and techniques were selected as a

finalist for the Gordon-Bell Prize in SC2005 [10]. 

Our target model for the quest of superconductivity mecha-

nisms [11] is the so-called Hubbard model [12]. The model

has been regarded as a typical model capturing strongly-corre-

lated behaviors like the metal-insulator transition. Since the

discovery of High-Tc superconductors, the model has been

intensively investigated in order to clarify whether or not the

model describes high temperature superconductivity exceed-

ing 100K [11]. However, the issue has been not resolved yet.

This is because it is too quite difficult to numerically calculate

the Hubbard model ( 2D) in large enough system sizes and

to obtain a result which is conclusive in thermo-dynamical

limit. Especially, the exact diagonalization method confronts a

difficulty that the memory requirement exponentially increas-

es with the number of fermions (electrons) [10]. However, it

completely keeps the exactness in contrast to other two meth-

ods which require fundamental improvements to obtain reli-

able results. Namely, by using the exact diagonalization

method, one can touch exact features of the model, although

the model size is severely restricted [10]. Thus, we have stud-

ied the Hubbard model with confinement potential [9], which

shows features intrinsic to finite systems. For example, it is

known that the confinement potential nucleates the Mott insu-

lator region at the center and the metallic one around the Mott

region. Both of these are essential features of the Hubbard

model [9], and the confinement potential makes it possible to

study both of them in the spatially modulated co-existent sys-

tems [9]. On the other hand, we would like to point out that

the system is realized in atomic Fermi gasses [13] by loading

the gas on the optical lattice [14] created by the laser beam

operation. This indicates that the obtained result can be exper-

imentally confirmed in a direct way.

The contents of this report are as follows. In Section II,

the numerical method to simulate the voltage bias condition

is given, and preliminary results of large-scale simulations

incorporating the nuclear reaction with the neutron in MgB2

are demonstrated. In Section III, the spin structure accompa-

nied by the development of the Cooper pair function are pre-

sented in the Hubbard model with confinement potential and

the physical origin of the superconductivity in the confined

system is discussed.

2. The Voltage-Bias Condition and the Non-equilibri-
um Dynamics in MgB2

As a preparation to simulate the voltage bias condition used

in TES's, we initially perform a simulation to obtain a profile

of the temperature dependence of the resistance. We trace the

dynamics of the superconducting state with increasing the

heat bath temperature slowly and average the voltage for the

time period which is 100 times longer than the relaxation

time. The obtained profile is shown in Fig. 1(a). As seen in

Fig. 1(a), the sharp transition from the superconducting state

to normal one occurs at 38.7~37.8 which is below Tc (~40K),

because the measured state is a current carrying one in which

Tc is down depending on the magnitude of the flowing cur-

rent. As a test, let us fix the voltage value to 100 (a.u.) as

shown by the red line. The techniques for fixing the voltage

are as follows. First, we note that the current is easily control-

lable by changing the boundary condition for the Maxwell

equation [15], while the voltage is an observable quantity.

Thus, the problem can be reduced to how one controls the

current on the variation of the observable voltage value. As a

current control method, we assume that the current feedback

is written as Ifeedback~–A(V–Vfix), where Vfix is the fixed target

voltage and Ifeedback is added to the present current value to

keep the voltage constant. Such a linear relation is valid
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enough as long as sudden current variations are not supplied.

The present case satisfies the condition. Figure 1(b) is a time

evolution data of the current variation obtained by using the

above relation. As seen in the figure, one finds that the volt-

age is fixed to be constant (V = 100 (a.u.)) after a time lug.

This is the first success for realistic simulations as solving the

TDGL equation, and indicates that a direct simulation for TES

is possible. In the future, we will do a systematic study to

raise the resolution in TES by applying this method. 

Next, let us show an actual time response of the current 

in the voltage biased condition after the nuclear reaction 

in MgB2. Figure 2 is the time evolution of the measured 

current, in which the heat energy release due to the nuclear

reaction starts at the vertical line. From the figure, it is found

that the time evolution shows a dip structure after the heat

energy release. The time period from the appearance of 

the dip to the recovery onto the steady current carrying state

is found to be quite fast. This indicates that the condition

employed in TES is also effective for the neutron detection

in MgB2.  3. Pairing in Fermion-Hubbard Model with Confinement
Potential
The Hubbard model [12] is one of the most intensively

studied models by computers because it captures very rich

varieties of strongly correlated many-body systems although

the model expression is quite simple. Especially, since the

discovery of High-Tc cuprate superconductors, an issue

whether or not the Hubbard model with repulsive interaction

can explain its high Tc has attracted many interests although

the decisive conclusion has been not still attained [11]. In the

last fiscal year, we studied the Hubbard model with confine-

ment potential [9] motivated by the rapid advancement of

atomic physics [13–14], and found that the model shows the

Cooper pairing instability by confirming the negative bind-

ing energy and the development of the pairing function [9].

This result demonstrates a deep connection between the

Hubbard model [12] and the pairing [9] although the system

is a confined finite system. In this report, we show the mech-

anism of the Cooper pairing [16]. 

Fig. 1  (a) The voltage(arbitrary unit) vs. temperature. (b) The voltage

(arbitrary unit) vs. time (τ ; relatxation time ~10–12sec).
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Fig. 2  The current vs. time. The time unit is 0.01τ where τ ~1.0 × 10–12 sec.

The redline indicates when the heat release starts.

Fig. 3  A schematic figure for the fermion-Hubbard model with confime-

ment potential.
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Firstly, let us give the Hamiltonian of the Hubbard model

with a confinement potential, [9]

(1)
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where t, U, V, and N are the hopping parameter from i-th to j-

th sites (normally j is the nearest neighbor site of i), the repul-

sive energy for the on-site double occupation of two fermions,

the parameter characterizing the strength of the trapping poten-

tial, respectively, as schematically shown in Fig. 3, and the site

number. We diagonalized the Hubbard Hamiltonian H (Eq.(1))

[10] and calculated the binding energy which is a probe for the

Cooper pairing and the Cooper pair function by varying U(>0)

and V [9] in the last fiscal-year project. Consequently, we

found that U above a critical Uc changes the sign of the bind-

ing energy into the negative one and simultaneously develops

the Cooper pair function under a confinement potential enough

to gather all fermions into a central region [9]. Then, we also

found that the particle distribution drastically varies at a

boundary value Uc. Namely, as U exceeds over Uc, the distri-

bution changes from the dome like shape around the trap cen-

ter to the mesa one which is composed of the so-called Mott

insulating core and metallic edges [9]. Above the critical value

Uc, only the spin degree of freedom survives in the Mott core

region [16], while the charge density can fluctuate only at the

metallic edges [9, 16]. This situation is quite similar to under-

doped case of High-Tc cuprate superconductors, in which

nano-scale domain like structure of the Mott state is observ-

able. In this fiscal year, motivated by these results and the sim-

ilarity shown just above, we first study the spin structure of the

Mott core region to approach the pairing mechanism [16]. One

of our main interests is how the charge density fluctuation cou-

ples with the spin structure of the Mott core [16]. For the pur-

pose, we calculate the spin correlation between neighboring

sites <Si Si+1> and compare <Si Si+1> between N (n, n) and

N+2 (n+1, n+1) [16]. 

Figure 4 shows i dependence of <Si Si+1> for N (n, n) and

N+2 (n+1, n+1). Here, we note that these all results are

obtained above the critical Uc, in which the central region is

the Mott state and the signal of the pairing instability is

observable. First, let us focus on the spin structure for N (n,

n) (see the upper part of Fig. 4). We find that the neighbor-

ing spin correlation shows a zigzag structure [16]. By notic-

ing that <Si Si+1> is –3/4 for the spin singlet, it is found that

the spin singlet are spatially formed as the schematic figure.

Next, let us compare the spin structure <Si Si+1> between N

(n, n) and N+2 (n+1, n+1). From the schematic figures for N

and N+2, it is found that the reformation of spin singlet pairs

occurs by adding two fermions [16]. Through the reforma-

tion, the system obtains an energy gain because the forma-

tion of the spin singlet decreases the energy of the system

[16]. Thus, the negative binding energy, i.e., the attractive

interaction working between two fermions is found to be

mainly originated from the reformation [16]. On the other

hand, since the pairing function develops between both side

edges in the same state [9], one finds that the ground state is

approximately given by a linear combination as [16] 

Fig. 4  The site depdendences of <Si • Si+1> for (a) 14 (5↑, 5↓). and (b) for 14 (6↑, 6↓). The

right figures are schematic figures for the spin structures obtained from (a) and (b),

respectively.
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In Eq. (2), the first part brings out the zigzag spin structure

[16] and the second part gives the development of the Cooper

pair function [9]. In fact, we numerically check the domi-

nance of the two terms from the ground state wave function,

and moreover confirm that the dominance of the second term

in the trapped system becomes more significant than that of

uniform or open system [16]. This is because the non-unifor-

mity of the trap enhances the weight of the second term.

We point out that the present mechanism of the pairing is

unique in the sense that the pair remotely develops and the

Mott core mediates the pairing, i.e., the same kind of fermi-

ons play different roles through the spatial difference of hole

concentration. This becomes possible only in the strongly

correlated fermion system trapped inside the confinement

potential. This situation partly has a close similarity to the

spatially modulated phases or the stripe phases of high Tc

superconductivity [11]. For example, the Mott domains in

the stripe phases periodically emerge in atomic scales. Then,

the system is strongly affected by the periodical potential

which is self-organized over the extent of the emerging Mott

domain. A part of such a situation is quite analogous to the

present case [9, 16]. 

4. Summary and Conclusion
We numerically studied two kinds of topics related to

superconductivity. The main result in terms of the first topic

was the construction of the simulation framework and its

large-scale simulation program in order to simulate the volt-

age-biased condition employed in TES. We successfully fin-

ished test simulations and actually confirmed the automatic

rapid response of the current at the transition edge. For the

second topic, we calculated the spin structure in order to clar-

ify the mechanism of the Cooper pairing which was observed

in the Hubbard model with the confinement potential.
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