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We performed large-scale numerical simulations on non-equilibrium superconducting dynamics after a neutron capture at

the superconducting transition edge in MgB2 by solving the time-dependent Ginzburg-Landau equation coupled with the

Maxwell and the heat diffusion equations. The simulations were executed under the current-biased condition in order to

explain experimental results carried out in JRR-3, JAEA and the temperature and the current dependences of the experimen-

tally observed signals were successfully reproduced. On the other hand, we investigated issues about microscopic matter-den-

sity inhomogeneities through the attractive Hubbard model with confinement potential, which is a model for nano-size domain

of strongly-coupled superconductors and atomic Fermi gas loaded on an optical lattice. The calculations revealed that micro-

scopic density inhomogeneities, whose characteristic variation length is the lattice constant, universally appear in the presence

of strong attractive interaction and confinement potential breaking the translational symmetry. This type of inhomogeneity is

easily observable for the optical lattice systems in atomic Fermi gases.
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1. Introduction 
After the discovery of an alloy superconductor MgB2 [1],

a large amount of experimental studies have been made in

order to explore fundamental aspects of MgB2. As a result,

several novel features have been clarified. In addition, many

applications using MgB2 have been proposed. Among their

ideas, an application suggested by Ishida et al. is a quite

attractive for atomic energy science [2]. The idea is as fol-

lows. When a neutron hits on MgB2 sample, a nuclear reac-

tion occurs between a neutron and an isotope of B, i.e., 10B

with a high probability. Then, a fixed nuclear energy is

released, and the energy transforms into a heat which leads

to an instantaneous destruction of the superconducting state

if MgB2 is set to be in the superconducting state. Thus, an

event of the nuclear reaction is easily found to be observable

as an electrical signal [2], since the destruction of supercon-

ductivity nucleates a normal spot along which an electrical

resistance is generated when the electrical current flows.

This idea is principally equivalent to the detection mecha-

nism of the famous superconducting transition edge sensor

(TES) for X-ray and other ones [3]. Thus, a main aim of our

project using the Earth Simulator is to simulate the process

from the nuclear reaction to the electrical signal generation

[4–6] and to provide helpful information on making a real

neutron detecting device. We believe that our simulation

enables to avoid wasteful trial experiments.  

In this fiscal year 2006, our project team performed simu-

lations, in order to explain experimental results jointly car-

ried out by Osaka Pref. Univ. and Quantum Beam Science

Directorate, JAEA. The experiments, which were made on
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JRR-3, JAEA in 2006, succeeded in observing the electrical

signal for the first time by exposing MgB2 sample to the neu-

tron irradiation. The characteristic response time for the sin-

gle detecting event is an order of 10 ns, which is almost con-

sistent with our predicted data obtained through our 2004

and 2005 year's project. In addition to the fundamental sig-

nal data, experimentalists measured the temperature and the

applied current dependences of the signal appearance. Thus,

we also numerically tried to examine the temperature and the

applied current dependence in this fiscal year 2006. These

all simulations were performed under the current-biased con-

dition, and the obtained  results show a good agreement with

the experimental results. We will perform more systematic

studies in the next fiscal year 2007. 

Various applications using the conventional and high-Tc

cuprate superconductors are known to be promising. On the

other hand, an attempt to raise the superconducting transition

temperature (Tc) [7] is a quite attractive issue for not only

fundamental physicists but also engineers, since all the super-

conductor applications now require a large energy cost to

cool down the system. Thus, we have started to study the

superconductivity mechanism to understand what a crucial

factor is to lift up Tc since the fiscal year 2004 [8, 9]. An ini-

tial step for us is to develop numerical schemes [10, 11] to

approach the issue. This is to make parallel programs exe-

cutable on large-scale parallel supercomputers like the Earth

Simulator. At first, we have focused on the exact diagonal-

ization, and we found an alternative numerical scheme called

"preconditioned conjugate gradient method (PCG)" instead

of the traditional Lanczos one. The PCG scheme runs about

5~12 times faster than Lanczos [10, 11]. Moreover, our par-

allel diagonalization code usually shows the performance

exceeding above 50% of the peak [10, 11]. This result is also

applicable to other wide fields, which need a fast parallelized

diagonalization code. Thus, our team was selected as one of

finalists of Gordon Bell Prize for both 2005 [10] and 2006

[11] years.

Our target model for the quest of superconductivity

microscopic mechanism and related topics is the so-called

Hubbard model [12]. The model has been regarded as a typi-

cal one capturing strongly-correlated behaviors like the

metal-insulator transition. In addition, since the discovery of

High-Tc superconductors, whether it can describe d-wave

high temperature superconductivity  exceeding 100K [7] or

not, has been intensively studied. However, the issue has

been not resolved enough yet. This is because it is too quite

difficult to numerically calculate the Hubbard model (>=2D)

in large system sizes enough to obtain a  conclusive result in

the thermo-dynamical limit. Especially, the exact diagonal-

ization scheme confronts a crucial difficulty that the neces-

sary memory space exponentially increases with the number

of fermions (electrons) and sites, although it completely

keeps exactness in contrast to other methods, which require

more fundamental improvements to obtain reliable results.

Thus, we studied the Hubbard model with confinement

potential [8, 9] by using the parallelized exact-diagonaliza-

tion code. The model is for atomic gas systems and partly

nano domains of supercondutors, in which finiteness is an

intrinsic feature. 

The contents of this report are as follows. In Section II,

the numerical results under the current-biased condition are

presented and compared with experimental results. In

Section III, the exact diagonalization results for the attractive

Hubbard model with the confinement potential are given and

the origin of the observed matter-density oscillation is

briefly discussed. 

2. The Non-equilibrium Dynamics under the Current-
biased Condition in MgB2

Recently, the experiments to test the neutron detection

were made at JRR-3, JAEA. The employed condition was

the so-called current bias, in which the fixed transport 

current is applied and the voltage is measured as the event

counter for the nuclear reaction. The signal was actually

measured in voltage vs. time, and the signal shape was 

principally pulse like one. The pulse width, i.e., the time-

scale characterizing the event, is an order of 10 nsec, which

coincides with our prediction. However, since we expected

the detection in the voltage-biased condition, we had not

data enough to compare with the experimental results. 

Thus, we performed numerical simulations under the cur-

rent-biased condition, again. Our typical signal data (volt-

age vs. time) is shown in Fig. 1, where the temperature is

38K (Tc = 39K) and the bias current is 0.001, which is nor-

malized by the critical current density at T = 0. It is found

from Fig. 1 that the signal is divided into a rapid rising and

a relatively slow decay, which well looks like the experi-

mental data. 

Figure 2 presents a temperature dependence of the signal.

Since we use the same initial seed for random number to cre-

ate noises for both the superconducting order parameter and

the electric field, the time fluctuating component are quite

similar. The signal height decreases with decreasing the tem-

perature, and becomes comparable to the noise level at T =

35K. Figure 2 just demonstrates such a case. The experimen-

tal results also show the same behavior. From these results,

we conclude that the developed simulation code[4–6] well

reproduces the experimental results. In the next fiscal year,

we will perform more systematic simulations in order to

understand the relationship between the non-equilibrium

dynamics and the signal shape and to optimize the detecting

conditions. The simulation will have a key role on optimiz-

ing the detector.
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3. Attractive Fermion-Hubbard Model with Confinement
Potential
The Hubbard model [12] is one of the most intensively

studied models by computers because it captures very rich

varieties of strongly correlated many-body systems, although

the model expression is simple. From the fiscal year 2004 to

2005, we studied the repulsive fermion-Hubbard model with

confinement potential (see Fig. 3)[8, 9] motivated by the

rapid advancement of atomic gas physics [13–14], and found

that the model shows the Cooper pairing instability by con-

firming the negative binding energy and the development of

the pair function [8, 9]. This result demonstrates a deep con-

nection between the Hubbard model [12] and the superfluid-

ity [8, 9] although the system is a confined finite system. In

this fiscal year 2006, we turn to the attractive fermion-

Hubbard model with confinement potential [15]. This is

because the superfluidity of the atomic gas loaded on an

optical lattice was experimentally observed [16], and its

experimental situation can be modeled by the attractive

Hubbard model rather than the repulsive one.

Firstly, let us describe the Hamiltonian of the Hubbard

model with a harmonic-well potential, [8]

(1)

where t, U, V, and N are the hopping parameter from i-th to

j-th sites (normally j is the nearest neighbor site of i), the on-

site attractive interaction energy, the parameter characteriz-

ing the strength of the trapping potential as schematically

shown in Fig. 3, and the site number, respectively. We diag-

onalize the Hubbard Hamiltonian H (Eq.(1)) [8, 9] and cal-

culate the site dependence of the fermion density <n(i)>. 

Figure 4 presents a typical result of U/t dependence of

<n(i)>, in which V/t = 1, and N = 16 . As seen in the figure,

it is found that <n(i)> shows zigzag structures in a wide

range of |U/t| [15]. Also, one finds that the periodicity of

such a zigzag oscillation is almost the lattice constant. We

confirm that this kind of microscopic inhomogeneous char-

acter universally appears in a wide range of parameters if the

translational symmetry is broken [15]. We would like to

point out that these inhomogeneous microscopic inhomo-

geneities are very similar to the observation results in the

surface of High-Tc superconductors. We predict that these

features can be easily confirmed by atomic gases loaded in

optical lattices, while similar patterns are also observable in

condensed matter systems due to its universality. See Ref.

Fig. 1  (a) The voltage (a.u.) vs. time (a.u.). The inset is the simulated

geometry.

Fig. 2  The voltage (a.u.) vs. time (a.u.) for three temperature.

Fig. 3  A schematic figure for the fermion-Hubbard model with con-

fimement potential.

Fig. 4  The U/t dependence of the matter density profile n(i)  for the

fermion-Hubbard model with a harmonic potential (V./t=1).
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[15] for more details of numerical simulations and theoreti-

cal analysis on why such a structural pattern appears.     

4. Summary and Conclusion
We numerically studied two topics related to supercon-

ductivity. The main result in the first topic was a comparison

between numerical simulations and experimental results.

Consequently, we successfully reproduced experimental

results. This implies that our numerical framework is valid

and useful. In the next fiscal year, we will perform more sys-

tematic simulations to clarify non-equilibrium dynamics and

to optimize detector performance. On the second topic, we

further developed the highly-parallelized code for the exact

diagonalization. The paper about its technical points was

selected as a 2006 year's finalist of Gordon Bell Prize. In this

year, we concentrated on the attractive Hubbard model with

confinement potential and found that microscopic density

oscillation universally appears in a wide variety of the model

parameters. We predict that the observed oscillating patterns

can be easily confirmed in atomic Fermi gas loaded on opti-

cal lattices. Moreover, we believe that the result has a rela-

tionship with the observation of inhomogeneities seen in

High-Tc cuprate superconductors. In the next fiscal year, we

will develop a new code using the dense matrix diagonaliza-

tion and challenge new fundamental and fruitful issues.  

References
[1] J. Nagamatsu, N. Nakagawa, T. Muranaka, Y. Zenitani,

and J. Akimitsu, Nature 410, 63(2001).

[2] K. Takahashi, K. Satoh, T. Yotsuya, S. Okayasu, K.

Hojou, M. Katagiri, A. Saito, A. Kawakami, H.

Shimakage, Z. Wang, and T. Ishida, Physica C 392–396,

1501(2003).

[3] See, e.g., D. Fukuda, H. Takahashi, M. Ohno, and M.

Nakazawa, Nucl.Instr. and Meth., A444, 241(2000).

[4] M. Machida, T. Koyama, M. Kato, and T. Ishida, Nucl.

Instr. and Meth., A529, 409(2004).

[5] M. Machida, T. Koyama, M. Kato, and T. Ishida,,

Physica  C 426–431, 169(2005).

[6] M. Machida, T. Koyama, M. Kato, and T. Ishida, Nucl.

Instr. and Meth. A559, 594(2006).

[7] See, e.g., M. Tachiki, M. Machida, and T. Egami,

Phys. Rev. B67, 174506(2003).

[8] M. Machida, S. Yamada, Y. Ohashi, and H. Matsumoto,

Phy. Rev. Lett., 93, 200402(2004). 

[9] M. Machida, S. Yamada, Y. Ohashi,, H. Matsumoto,

Phys. Rev. Lett., 95, 218902(2005).

[10] S. Yamada, T. Imamura, M. Machida, Proc. of SC2005

(2005).

[11]  S. Yamada, T. Imamura, T. Kano, M. Machida, Proc.

of SC2006 (2006).

[12] See, e.g., The Hubbard Model, Recent Results, ed. M.

Rasetti (World Scientific, Singapore, 1991); The

Hubbard Model, ed. A. Montorsi (World Scientific,

Sigapore, 1992).

[13] C. A. Regal, M. Greiner and D. S. Jin, Phys. Rev. Lett.,

92, 040403 (2004).

[14] M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch, and

I. Bloch,  Nature 415, 39(2002). 

[15] M. Machida, S. Yamada, Y. Ohashi, and H. Matsumoto,

Phys. Rev. A, 74, 053621 (2006).

[16] J. K. Chin, D. E. Miller, Y. Liu, C. Stan, W. Setiawan,

C. Sanner, K. Xu, W. Ketterle, Nature 443, 961–964

(2006). 



233

Chapter 3  Epoch Making Simulation

MgB2

1, 5 1, 5 1, 5 2, 5 3, 5 4, 5

1

2

3

4

5 CREST

1. 

3

1

2 1

3

1

2

3

2. 2006
1 JRR-3

10nsec

2

MgB2 B 10B α
α

[1]

[1] M.Machida, S.Yamada, Y.Ohashi, and H.Matsumoto, "On-site Pairing and Microscopic Inhomogeneneity in

Confined Lattice Fermion Systems ", Phy. Rev. A74, 053621(2006).



234

Annual Report of the Earth Simulator Center  April 2006 - March 2007

MgB2


